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Abstract 
General expressions describing time of flight and equations of trajectories in the middle plane of transaxial electrostatic mirrors 
with curvilinear axial trajectory have been derived. It is shown that in such mirrors time-of-flight energy focusing may be 
obtained simultaneously with time-of-flight angular focusing. In this case the subject and its image are in the main mirror planes. 
Conditions of spatial focusing and achromatization have been determined.
  © 2008 Elsevier B.V.
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1. Introduction 
Transaxial systems are systems whose field has rotational symmetry whereas the beam axis does not coincide 
with the rotational symmetry axis but is perpendicular to it [1]. Such systems provide high-quality spatial focusing 
in the middle plane, therefore they are used in prism electron and mass-spectrometers. Spatial focusing of charged 
particle beams in electrostatic transaxial mirrors with curvilinear axial trajectory was studied in papers [2-3]. In 
order to extend the sphere of mirror application, in particular, in time-of-flight mass-spectrometry, it is necessary to 
study properties of time-of-flight focusing. In [4] the authors determined relationships between coefficients of 
spatial and time-of-flight geometrical aberrations but did not determine coefficients of time-of-flight chromatic 
aberrations. However, it is time-of-flight chromatic aberrations that impose limitations on time resolution of time-of-
flight devices. 
 
The purpose of this research is to determine conditions of simultaneous time-of-flight and spatial focusing in 
transaxial mirrors with curvilinear axial trajectory. By the usage of efficient potentials the authors reduce the 
problem of curvilinear axial trajectory to the problem of rectilinear axial trajectory, the theory of which is quite well 
developed [5]. 
 
* Corresponding author. Tel.:  +7-3272-68-57-33 
E-mail address: bimurzaev@mail.ru 
Physics Procedia 1 (2008) 291–296
Received 9 July 2008; received in revised form 9 July 2008; accepted 9 July 2008
www.elsevier.com/locate/procedia
doi:10.1016/j.phpro.2008.07.108
Open access under CC BY-NC-ND license.
2 S. Bimurzaev et al. / Physics Procedia 00 (2008) 000–000 
2. Equation of motion 
In the cylindrical coordinate system , ,r zψ , the z  axis of which is directed along the field symmetry axis, the r  
axis coincides with the mirror optical axis and rψ  plane coincides with its middle plane, the motion of a particle 
with charge e  and mass m  is determined by the equations 
 
e
z
m z
ϕ∂
= −
∂
, (1) 
 
2 2 2 2 2 ( )er r z
m
ψ ϕ ε+ + = − + , (2) 
 
2 2 ( ) sin( ) coser r const
m
ψ ϕ ε ϑ ϑ γ . (3) 
( , )z rϕ ϕ=  is an electrostatic potential, ε  is a small quantity characterising divergence in energy values of particles, 
γ  is the angle between the  trajectory and the middle plane, ϑ  is the angle between the axial (in the middle plane) 
trajectory and r axis, ϑ  is angle divergence and points denote differentiation with respect to time t . 
 
Expanding (3) into series with respect to , ,ε ϑ γ  and limiting by the magnitudes of not higher than the first 
order of infinitesimal, we can rewrite (1)-(3) as follows:  
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The index "0"  denotes values of quantities in the initial (object) plane 0r r= . 
 
Equations (4) and (5) describing particle motion in the plane perpendicular to the middle plane differ from the 
corresponding equations for mirrors with straight optical axis [5] only by the presence of effective values ϕ∗  and 
ε ∗ instead of  ϕ  and ε . Hence, conclusions following from these equations must be similar. Therefore, further we 
will only consider particle motion in the mid-plane. 
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3. Time of flight 
Following [4] let us introduce new variables ρ  and η describing the motion of the central particle (moving 
along r axis with 0ε = ) and longitudinal deviation of any other particle from the central one: 
 
2e
m
ρ σ= − Φ , (11) 
 r ρ η= + , (12) 
where ( )ρΦ = Φ  is the same function of argument ρ  as ( ) * (0, )r rϕΦ = = potential distribution along r axis, σ  is 
sign coefficient characterising the direction of particle motion,  ( )η η ρ=  is a small quantity to be determined. 
 
 The flight time of the particle from the initial moment (corresponding to the value 0ρ ρ= ) to an arbitrary 
moment ( )constρ = after reflection by the mirror is according to (11) equal to  
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u ur r
t d d
ρ ρ
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Φ Φ∫ ∫ , (13) 
where 0υ is the initial velocity of the central particle. In deriving equation (13) we took into account change in the ρ  
sign in the mirror reflection point urρ = , where ( ) ( )0, 0u u u ur r′ ′Φ = Φ = Φ = Φ ≠ . Here and further the index 
" "u  denotes values in the point urρ = . 
 
Taking into account (12) and assuming that potentials of object space and image space coincide, we can rewrite (13) 
as follows 
 t T t , (14) 
where 
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is the flight time of the first particle, and 
 ( )0
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t η η
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is the total time-of-flight aberration. Here  
 ( )(0) 11T ur r J= + , (17) 
where 
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Excluding time from (5) using (11)-(12) we get equation for η :  
 
*2 η η ε′ ′Φ − Φ = . (19) 
Solution of (19) may be presented as 
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Substituting (20) into (16), we get: 
 
0
0 0
1
t T Tϑ ε
εϑ
υ ϕ
, (25) 
where 
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is the coefficient of time-of-flight angular aberration, and 
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is the coefficient of time-of-flight chromatic aberration. 
 
4. Time of flight focusing 
As it is seen from (26) time-of-flight angular focusing is determined by the condition  
 
0
1 1 2
r r rϑ
+ = . (28) 
It follows from (27) that time-of-flight energy focusing is realised in case of simultaneous fulfilment of condition 
(28) and condition 
 
( )1
0 2 Tr r r+ = . (29) 
Solving the system of equations  (28)-(29), we get: 
 
( ) ( ) ( )( )1 1 11,2 T T Tr r r r rϑ= ± −  . (30) 
The last expression means that time-of-flight energy focusing is achieved if the plane 1r r= , from which particles 
are issued, and the plane 2r r= , where they are registered, are located symmetrically with respect to plane 
( )1
Tr r=  
determined according to  (21), (23) by the axial field distribution. 
 
For  ( )1Tr rϑ= , the equality 
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( )1
1,2 0 0sinTr r r ϑ= = ± , (31) 
following from (27) and (30), and determining the distance from the field symmetry axis to the main points of the 
mirror, is fulfilled. This case is interesting because when the object and its image are located in the main mirror 
planes, all spatial linear aberrations of the second order are absent [3]. 
 
5. Equation of a trajectory in the middle plane 
Excluding time from (6) with the help of (11)-(12) and taking into account change of ρ  sign in the reflection 
point, we obtain the turn angle: 
 ( ) ( )0 0(1 )r a J Jδ ρ ρΨ = − + + , (32) 
where 
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Taking into account (12), (20) and making simple transformations including integration by parts, we may rewrite 
(33) as follows 
 ( ) ( ) ( )
2 2
0
30 1
00
21 1 1 1 1 1 1 1
2 3
r aJ
r r r rr rϑψ ψ
δρ ε= − − − − − −
ΦΦ
 (34) 
where 
 
( ) ( )401 1 1
u
J
rrψ
= +
 (35) 
 
( )
0
2 3 531
21 1 1 3
u u u
J J J
r rrψ
Φ
= − + + +
′Φ
 (36) 
and 
 
( )
4
1 /
2
u
r
u
r
r
J d
ρ ρ
′
− ΦΦ
=
Φ Φ∫  (37) 
 
2
0 0
5 2 2
1 1 1 1
u
r
u
u r
rJ d
r
ρ
ρ ρ
Φ Φ
= − − −
Φ Φ∫  (38) 
Taking into account (9)-(10), and (34), equation (32) may be rewritten as: 
 , (39) 
where 
 
( )0 0 0
0
1 1 2
r tg
r r rψ
ϑΨ = + −  (40) 
is the turn angle for the central particle, and 
 
0
0
K Kϑ ε
εϑ
ϕ
, (41) 
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is total spatial angular aberration, where 
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is the coefficient of spatial angular aberration, and 
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is the coefficient of spatial chromatic aberration. Here 
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6. Spatial focusing 
As can be seen from equations (41)-(43), conditions of spatial focusing and achromatization are determined by 
the roots of the corresponding Cardano equations: 
 
3
1 0p q
r r
+ + = , (46) 
 
3
1 0p q
r r
∗
∗+ + = . (47) 
As p  and p∗  (45) are, respectively, essentially positive and negative values, equations (46)-(47) correspondingly 
have one and three real roots [6]. 
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